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ABSTRACT
In principle, the most straightforward method of estimating the Hubble constant relies on time
delays between mirage images of strongly-lensed sources. It is a puzzle, then, that the values of H0
obtained with this method span a range from ∼ 50−100 km s−1Mpc−1. Quasars monitored to measure
these time delays, are multi-component objects. The variability may arise from different components
of the quasar or may even originate from a jet. Misidentifying a variable emitting region in a jet with
emission from the core region may introduce an error in the Hubble constant derived from a time
delay. Here, we investigate the complex structure of sources as the underlying physical explanation
of the wide spread in values of the Hubble constant based on gravitational lensing. Our Monte Carlo
simulations demonstrate that the derived value of the Hubble constant is very sensitive to the offset
between the center of the emission and the center of the variable emitting region. Thus, we propose
using the value of H0 known from other techniques to spatially resolve the origin of the variable
emission once the time delay is measured. We advocate this method particularly for gamma-ray
astronomy, where the angular resolution of detectors reaches approximately 0.1 degree; lensed blazars
offer the only route for identify the origin of gamma-ray flares. Large future samples of gravitationally
lensed sources identified with Euclid, SKA, and LSST will enable a statistical determination of H0.
Subject headings: Galaxies: active – gravitational lensing: strong –gamma-rays: jets
1. INTRODUCTION
The Hubble constant, H0, is a fundamental cos-
mological parameter. A rich variety of observational
methods yield remarkably precise values of this pa-
rameter (Freedman & Madore 2010). For example, the
Cepheid distance ladder gives 73.8±2.4 km s−1Mpc−1
(Riess et al. 2011a,b).
In principle, gravitational lensing provides an indepen-
dent one-step method for Hubble constant determina-
tion. This approach was first proposed by Refsdal (1964),
who suggested using time delays between the images of
gravitationally-lensed supernovae long before discovery
of the first gravitationally lensed quasar (Walsh et al.
1979). The time delays are proportional to H−10
and weakly depend on other cosmological parameters
(Refsdal 1964; Schechter et al. 1997; Treu & Koopmans
2002; Kochanek 2002; Koopmans et al. 2003; Oguri 2007;
Suyu et al. 2013b; Sereno & Paraficz 2014).
Initially, the practical implementation of the time delay
method suffered from a number of challenges (Courbin
2003; Kochanek & Schechter 2004; Schechter 2005). The
accuracy of the method relies on the precision of the
time delay determination, knowledge of the redshifts in
the system and reconstruction of the mass distribution
of the lens. Long-term monitoring of gravitationally-
lensed quasars provides time delays with uncertainties of
a few percent (Fassnacht et al. 2002; Eulaers & Magain
2011; Rathna Kumar et al. 2013; Tewes et al. 2013b;
Eulaers et al. 2013). Advances in spectroscopy combined
with precise cosmology allow for distance measurement
with great accuracy. The mass distribution of the lens
abarnacka@cfa.harvard.edu
can be reconstructed well using resolved radio and optical
images. In addition, for lenses located at a low enough
redshift, the velocity dispersion of the lens can be mea-
sured, which allows for independent confirmation of the
mass distribution (Bolton et al. 2008).
To date, dozens of gravitationally-lensed systems yield
measured time delays. Lens modeling of these sys-
tems provides estimates of the Hubble constant cover-
ing a large range from ∼ 50 to ∼ 100 kms−1Mpc−1
(Rathna Kumar et al. 2014; Paraficz & Hjorth 2010;
Fassnacht et al. 1999). It is puzzling that these estimates
of the Hubble parameter derived from time delays span
a range much larger than expected from other precise
astrophysical methods.
Measurements of time delays are based on moni-
toring variable sources. The variability of quasars
has been known for a long time (Matthews & Sandage
1963). The variability of quasars can be described
well by a damped random walk (MacLeod et al. 2010;
Koz lowski et al. 2010) and the optical flux fluctuations
are interpreted as thermal fluctuations driven by an un-
derlying stochastic process (Kelly et al. 2009).
The amplitude of variability in radio-quiet quasars is
usually small. Sesar et al. (2007) reported that at least
90% of quasars are variable at the 0.03 mag level (rms) on
timescales up to several years, and that 30% of quasars
are variable at the 0.1 mag level. The variability of
gravitationally-lensed quasars selected for monitoring by
COSMOGRAL1 is typically in the range from 0.2 to even
2 mag.
Monitoring of lensed systems focuses on radio-loud
1 the COSmological MOnitoring of GRAvItational Lenses:
http://cosmograil.epfl.ch/
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quasars, which constitute about 20% of the quasar sam-
ple. The emission of radio-loud quasars is not limited to
thermal emission from the accretion disk; the majority
of the variable emission may originate from relativistic
jets.
These jets are the largest particle accelerators in the
universe, producing radiation from radio up to very
high energy gamma-rays. Observations of jets from
radio to x-ray wavelengths, where the sources are re-
solved, reveal that the jets have very complex struc-
ture composed of bright knots, blobs and filaments,
with sizes ranging from the subparsecs up to dozens
of kpcs (Harris & Krawczynski 2006; Tavecchio et al.
2007; Siemiginowska et al. 2002; Marscher et al. 2008;
Biretta et al. 1991). The source variability can be very
complex. Variable emission may originate from different
components close to the core, or it can originate from
the knots along the jet as in the well studied example of
M87 (Harris et al. 2006).
If the projected distance between the central part of a
quasar and the variable emission sites along a jet are even
1% of the Einstein radius, which corresponds typically
to ∼ 30 pc, time delays and magnification ratios between
the images may differ significantly. These differences, in
principle, can be used to investigate the structures of jets
at high energies, where the emission cannot be spatially
resolved due to the poor angular resolutions of the detec-
tors (Barnacka et al. 2014a,b). Conversely, the multiple
emitting regions of quasars can affect the determination
of the Hubble constant.
Here, we investigate the impact of the complex struc-
ture of the source on Hubble parameter determination.
We summarize the current Hubble parameter measure-
ment in § 2. To demonstrate how estimates of the Hub-
ble constant vary with the projected distance between
the core and the emitting region within the jet, we build
a toy model of the M87 jet, which we describe in § 3. We
give an overview of strong gravitational lensing phenom-
ena in § 4, and perform Monte Carlo simulation in § 5.
We discuss the results of simulations in § 6. We summa-
rize existing lensing measurements of H0 (§ 6.1). Then,
in § 6.2, we propose to use a Hubble parameter tuning
method to elucidate the spatial origin of variable emis-
sion. We discuss the application of the Hubble parameter
tuning approach to high-energy astronomy in § 6.3. We
conclude in § 7.
2. HUBBLE CONSTANT
The current era of high-precision cosmology pro-
vides measurements of the Hubble constant, H0, with
a remarkably small error. For example, the model-
ing of Planck observations of the cosmic microwave
background fluctuations using the flat-ΛCDM cosmo-
logical model gives H0 = 67.3 ± 1.2 km s
−1Mpc−1
(Planck Collaboration et al. 2013).
Many independent methods provide a measure of
H0. Examples include the Hubble Space Telescope Key
Project which provided a H0 = 72±8 km s
−1Mpc−1
(Freedman et al. 2001). The Cepheid distance ladder
gives 73.8±2.4 km s−1Mpc−1 (Riess et al. 2011a,b) and
74.3 ± 1.5 (statistical) ± 2.1 (systematic) km s−1 Mpc−1
(Freedman et al. 2012).
One of the most straightforward methods of estimat-
TABLE 1
Hubble constant measurements for individual
gravitationally lensed sources.
Object Hubble constant References
HE 0435-1223 91.9± 17.1 Rathna Kumar et al. (2014)
62± 5 Courbin et al. (2011a)
RX J0911.4+0551 79.3± 32.6 Rathna Kumar et al. (2014)
71 ± 12 Hjorth et al. (2002)
SBS 0909+532 81.9± 20 Tian et al. (2013)
FBQ 0951+2635 60± 9 Jakobsson et al. (2005)
Q0957+561 50 ± 17 Rhee (1991)
77 ± 29 Bernstein & Fischer (1999)
79.3± 7 Fadely et al. (2010)
97.3± 31.4 Rathna Kumar et al. (2014)
SDSS J1004+4112 91.8± 30.4 Rathna Kumar et al. (2014)
HE 1104-1805 62± 4 Gil-Merino et al. (2002)
PG 1115+080 59 ± 12 Treu & Koopmans (2002)
57± 7 Tortora et al. (2004)
61.5± 19.5 Rathna Kumar et al. (2014)
RX J1131-1231 71.6± 25.4 Rathna Kumar et al. (2014)
78.7+4.3
−4.5
Suyu et al. (2013b)
SBS 1520+530 58.3± 17.3 Rathna Kumar et al. (2014)
B1600+434 74 ± 14 Koopmans et al. (2000)
B1608+656 63 ± 15 Fassnacht et al. (2002)
75± 6 Koopmans et al. (2003)
69.7± 5 Suyu et al. (2010)
60.3± 11.2 Rathna Kumar et al. (2014)
SDSS J1650+4251 51± 7 Vuissoz et al. (2007a)
WFI J2033-4723 63± 5 Vuissoz et al. (2008a)
71.5± 12.2 Rathna Kumar et al. (2014)
B 0218+357 69 ± 15 Biggs et al. (1999)
76± 7 Leha´r et al. (2000)
78± 6 Wucknitz et al. (2004)
61± 7 York et al. (2005)
64± 4 Cheung et al. (2014)
PKS 1830+211 76 ± 18 Lidman et al. (1999)
73 ± 35 Leha´r et al. (2000)
44± 9 Winn et al. (2002)
48.7± 13.7 Barnacka (2013)
HE 2149-2745 86.8± 33.5 Rathna Kumar et al. (2014)
65± 8 Burud et al. (2002)
ing the value of H0 relies on time delays between im-
ages of strongly-lensed sources. This method has the ad-
vantage of being independent of the local distance lad-
der. However, individual lens systems yield varied re-
sults (see Table 1). Fadely et al. (2010) plot the H0 ob-
tained for the well-observed set of individual lens sys-
tems. Roughly half of the studies are consistent with
H0 < 60 km s
−1Mpc−1, well outside the limits from
other measures. The rest scatter across the range H0 =
65−80 km s−1Mpc−1. Thus these measurements present
a puzzle and a challenge to understand the astrophysics
that might underlie the varying results.
Studies of Q0957+561 (Bernstein & Fischer 1999;
Keeton et al. 2000) result in H0 > 85 km s
−1Mpc−1,
and studies of PKS 1830-211 result in values across the
range H0 = 44 − 76 km s
−1Mpc−1(Lidman et al. 1999;
Leha´r et al. 2000; Winn et al. 2002; Barnacka 2013).
Both of these systems host powerful jets. More recently,
Fadely et al. (2010) analyzed HST data for Q0957+561
and identified 24 new strongly lensed features, which they
use to constrain a mass model for the lens. Adopting the
radio time delay measured with an error . 1%, they
found H0 = 79.3
+6.7
−8.5kms
−1Mpc−1. Fadely et al. (2010)
then concluded that the quasar flux ratio predicted by
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Fig. 1.— Example alignments of jets in the source plane. The
radial coordinates indicate the distance from the center of the lens
mass normalized by the Einstein radius.
their detailed lens model is inconsistent with existing ra-
dio measurements again indicating that there is some
poorly understood underlying astrophysics.
Another system, B0218+357, ”a golden lens” for
H0 measurement (Wucknitz et al. 2004), also hosts a
powerful jet. The H0 values based on this systems
are in the range 61-78 km s−1Mpc−1 (York et al. 2005;
Cheung et al. 2014; Leha´r et al. 2000; Wucknitz et al.
2004). The most recent attempt to measure H0 for this
system, using the time delay of 11.46 ± 0.16 days from
gamma-ray emission, results in a Hubble constant of
64± 4 kms−1Mpc−1 (Cheung et al. 2014).
Schneider & Sluse (2013, 2014) investigated the im-
pact of mass-sheet degeneracies on the predictions of the
Hubble constant and found that these mass-modeling er-
rors could lead to deviations of up to 20% on the Hubble
constant. Suyu et al. (2013a) investigate the tension be-
tween the H0 obtained using gravitational lensing and the
Planck results. They revise analysis of the gravitational
lens RXJ1131-1231, reducing the systematic errors intro-
duced by an assumed lens model density profile. They
emphasize that the tension in H0 measurements from dif-
ferent methods could be due to unknown systematic un-
certainties.
The observational situation presents a mystery. The
straightforward application of lensing time delays pro-
duces an array of results for the Hubble constant that
are often substantially offset from those obtained with
other standard methods. The scatter among the lensing
results is also remarkably large. Previous attempts to
explore the scatter in the values of H0 from individual
lenses have assumed sources that vary uniformly, so that
the centroid of the light distribution is also the centroid
of the variability. We investigate the structure of the
sources as an explanation for these puzzling results.
3. TOY MODEL: LENSED JET
Here we introduce a toy model of a strongly lensed
source to investigate the impact of complex source struc-
ture on H0 estimation. As an inspiration for the source
model, we use the nearest and best studied active galac-
tic nucleus with a relativistic jet, M87.
M87 is a local example of a source with very complex
variability (Aharonian et al. 2006; Abramowski et al.
2012). Spatially-resolved observations of M87 reveal that
variable emission may originate from at least two loca-
tions: the core and the HST-1 knot embedded within
the jet. The core refers to the central region of the active
galactic nucleus. Commonly the term ”core” is defined as
the position of the brightest feature in VLBA images of
blazars (Lobanov 1998; Marscher 2008; Pushkarev et al.
2010). The core and HST-1 have a projected separation
of ∼60 pc (Biretta et al. 1999). The M87 jet also has
many bright knots at much greater distances than HST-
1.
During the flaring activity of M87 observed by the
Chandra satellite in 2004/2005, the x-ray flux from HST-
1 increased by a factor of 50 (Harris et al. 2006); thus
demonstrating that the variability can originate from dif-
ferent parts of the jet. The locations of the variable emis-
sion can be hundreds of parsecs away from the central
engine.
M87 is located at 16 Mpc (Tonry 1991); thus the sepa-
ration between the emitting regions of 60 pc corresponds
to 0.7 arcseconds. The angular resolution of the Chan-
dra satellite is 0.5 arcseconds2, allowing discrimination
between emission from HST-1 and from the core. If we
imagine an M87 analog located at 1 Gpc from the ob-
server, this separation would correspond to 0.01 arcsec-
onds. The emission would be unresolved in the x-rays
and it would be challenging to resolve even with HST.
Lensed sources are usually located at distances greater
than 1 Gpc. The M87 example demonstrates that vari-
ability originating from regions along the jet could easily
be misinterpreted as emission from the core.
The angular separation between the core and knots
along the jet depends on the viewing angle to the jet
and the distance of the knot from the core. The emis-
sion from the jet is relativistically boosted when the jet
is pointed at a small angle (. 20◦ - 30◦) relative to the
line of sight between the source and the observer. The
viewing angle for a typical radio-loud quasars is < 5◦, for
BL Lacs objects it is < 10◦, and it is < 50◦ for the radio
galaxies (La¨hteenma¨ki & Valtaoja 1999). The viewing
angles for a sample of the brightest Fermi/LAT detected
blazars derived from high-resolution VLBA images range
from 1◦ to 5◦ (Savolainen et al. 2010). The M87 jet is ob-
served at ∼ 15◦ relative to the line of sight (Biretta et al.
1999; Perlman et al. 2011); it is thus representative of the
range of observed sources.
Luminous knots may be located even hundreds of kpcs
from the central engine (Massaro et al. 2011). Thus,
even when the viewing angle is small, of the order of
a few degrees, the angular separation between distant
knots along the jet may constitute a significant fraction
of the Einstein radius of the lens, or may extend beyond
it.
The geometry of the sources can be very complex.
There are also many different configurations of the
source-lens-observer systems. However, in the source
plane, the parameter space that adequately describes
these sources reduces to the separation between the core
and the variable knot. In our toy model we randomly
2 http://cxc.cfa.harvard.edu/cdo/about chandra/overview cxo.html
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select both the position of the core in the source plane,
and the alignment of jet relative to the core. We inves-
tigate the resulting changes in the time delay and the
magnification ratios.
To investigate the impact of source structure on the
determination of H0 further, we consider an M87-like
source, located at redshift zS = 2.5, and a lens at redshift
zL = 0.89. Our choice of lensing system is motivated
by the observed case of the gravitationally-lensed blazar
PKS 1830-211, where gamma-ray emission was used for
the first time to investigate gravitational lensing at high
energies (Barnacka et al. 2011). We consider what hap-
pens to the value of H0 as we vary the projected distance
between the core and the variable emitting region along
the jet. We set the mass of the lens so that the Einstein
radius for a source at z=2.5 is 0.4”.
The measured quantities include the distance ratio, the
time delay, the magnification ratio, and the morphology
of the lensed images. The distance ratio is a ratio of
angular distances,
D ≡
DOLDOS
DLS
, (1)
where the distance from the observer to the lens is
DOL, the distance from the observer to the source is
DOS , and the distance from the lens to the source is
DLS. We calculate distances based on a homogenous
Friedmann-Lemaˆıtre-Robertson-Walker cosmology, with
H0 = h× 100 km/s/Mpc, where h = 0.673, the mean
mass density ΩM = 0.315 and the normalized cosmo-
logical constant ΩΛ = 0.686 (Planck Collaboration et al.
2013).
The magnification ratio and the time delay both
change with the distance between the emitting regions
in the source plane. Differences in the projected ori-
entation of the jet in the source plane also impact the
magnification ratio and time delay.
As specific examples of the effects that source struc-
ture and orientation can have on H0, we first consider
five different jet locations and alignments in the source
plane (Figure 1). We model the lens as a singular isother-
mal sphere and we compute differences in magnification
ratios and time delays as a function of projected distance
between the emitting regions. We then demonstrate the
impact of these variations on the estimation of H0.
4. STRONG GRAVITATIONAL LENSING
Here we investigate the five examples of Figure 1 in
detail. We review the elements of the lensing model and
we demonstrate the substantial effects of source structure
on the value of H0 derived from the measured time delay.
Light rays from a source in the presence of matter are
deflected by an angle α before reaching an observer. In
the thin-lens approximation, the rays are deflected by an
angle of
~α = ▽ψ(~θ) , (2)
where ψ(~θ) is the effective gravitational potential of the
lens at an image position ~θ.
Using simple geometry (see Narayan & Bartelmann
1996; Barnacka 2013), the lens equation is
~β = ~θ − ~α(~θ) , (3)
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Fig. 2.— Difference in magnification ratio between the core and
the knot as a function of projected distance between them. The fig-
ure shows the absolute value of the difference in the magnification
ratio. The projected distance between the core and the knots is
presented in Einstein radius units (bottom), and in physical units
corresponding to the source plane (top).
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Fig. 3.— Difference in time delay between the core and the knot
along the jet as a function of projected distance between them.
where ~β is the position of a source in the image plane.
The lens equation is generally not linear. Thus, multiple
images, ~θ± , corresponding to a single source position
can be produced.
The time delay function can be obtained from Fermat’s
principle:
c∆t(~θ)
(zL + 1)
= D
[
1
2
(~θ − ~β)2 − ψ(~θ)
]
, (4)
where ∆t is the time delay, and c is the speed of light.
The distance ratio D is inversely proportional to H0,
thus equation (4) provides a direct route to the Hubble
constant parameter once the time delays are measured.
The time delay is proportional to the square of the an-
gular offset between ~θ and ~β. Therefore, different time
delays result when emission originates from different re-
gions, for example, a core or knots along a jet.
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Fig. 4.— Deviation of the derived Hubble parameter as a function
of the projected distance between the core and the emitting region
within the jet. The error is calculated as (H-H0)/H0, where H0 is
a real value of the Hubble constant. H is the value of the Hubble
constant calculated using the position of the core, and the time
delay originating from the emitting region along the jet at a given
projected distance from the core. The perpendicular line indicates
the projected distance between the core and HST-1 observed in
M87.
Light deflection in a gravitational field not only delays
the rays, but also magnifies the sources. These magni-
fications are given by the determinant of the Jacobian
matrix of the lens mapping θ → β. The magnification
factor is
A =
∣∣∣∣det∂β∂θ
∣∣∣∣
−1
. (5)
The magnification A is the ratio between the flux of an
image and the flux of the unlensed source. If a source is
mapped onto several images, the ratios of the respective
magnification factors are equal to the flux ratios of the
images (Schneider et al. 1992).
We use the singular isothermal sphere (SIS) profile to
characterize the lens. This model is the simplest param-
eterization of the spatial distribution of matter in astro-
nomical systems like galaxies and clusters of galaxies. In
general, the mass distribution of the lens composed of
stellar and dark matter is well represented by an isother-
mal model over many orders of magnitude in radius, and
deviate significantly only far outside the Einstein radius
where it is not relevant for our results. The SIS model is
consistent with the results of the Sloan Lens ACS Survey
(Gavazzi et al. 2007; Auger et al. 2010).
The lensing potential of the SIS is defined as
ψ(θ) =
DLS
DOS
4πσ2
c2
|θ| , (6)
where σ is a velocity dispersion.
Using this lensing potential, equations (2) and (3), the
image position is
θ± = β ± θE , (7)
where θE is the Einstein radius.
The magnification ratio between images, A±, is
R =
A+
A−
=
θ+
θ−
, (8)
and the time delay for β > 0 is
c∆t
(1 + zL)
= DθE(θE − (|θ+| − |θ−|)) . (9)
Figure 2 shows the difference in the magnification ratio
between the core and the emitting region along the jet
as a function of the projected distance between them.
Figure 3 shows the difference in the time delays for the
same configurations. The complex structure of the source
produces significant differences in both the time delays
and magnification ratios. For example, emitting regions
separated by a projected distance of 5% of the Einstein
radius produce a difference in the magnification ratios in
the range 0.1 to 0.7 depending on the alignment in the
source plane. In our model 5% of the Einstein radius
corresponds to a projected distance of ∼ 160 pc. For
the same projected distance the change in the time delay
ranges from 1 to 3 days.
The rate of change of the lens parameters depends
on the jet alignment in the source plane (see Figures 2
and 3). The largest rate of change in time delay and mag-
nification ratios occurs when the jet is oriented along the
radial direction in the source plane.
Figure 4 shows the absolute value of the normalized
difference between the true Hubble parameter H0, and
the value of the Hubble parameter, H, calculated using
the position of the core and the time delay originating
from the emitting region along the jet. The departures
from the true value arise from misinterpreting the loca-
tion of the variable emitting region. In other words, they
arise from the assumption that the variable emitting re-
gion is always the same and that it is the core. Even for
a small separation between the true variable emission re-
gion and the core of ∼60 parsecs, the deviation between
the derived Hubble parameter and the true value can be
as large as 20%.
For powerful jets, the projected separation between the
core and an emitting regions along the jet can be as large
as hundreds of kpcs. Note that for some jet alignments
(e.g. A and D), the deviation of the H0 measurement
from the true value can become as large as 100% for
separations of 20% of the Einstein radius. In the toy
model ∼600 parsecs is ∼20% of the Einstein radius.
5. MONTE CARLO SIMULATIONS
The five examples we have explored thus far demon-
strate the remarkable impact of source structure on the
Hubble parameter derived from time delays of strongly-
lensed sources. The next goal is to compare the basic
model with existing observations.
In this section, we explore the existing measurements
of H0 determined from strongly-lensed sources. We take
the measurements at face value and we compare the dis-
tribution of these measured values with a Monte Carlo
simulation that samples the full source plane for a set of
sources with a variety of projected distances between the
varying emission region and the core.
Figure 5 shows a compilation of the measurements (Ta-
ble 1). Note the broad distribution of the individual mea-
surements scattering in the range from 40 to 100. The
distribution of H0 shows an underrepresented number
of measurements around 67. This value corresponds to
the H0 reported by Planck (Planck Collaboration et al.
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Fig. 5.— Gray distribution represents Hubble constant measure-
ments summarized in table 1. Red distribution is the results of
Monte Carlo simulations of 4000 trials, assuming distance between
the core and variable emitting region of 3% of Einstein radius.
Black line indicates the Planck satellite estimation of 67.3.
2013). The distribution has preferred values below 64,
and broad scatter for values above 70.
5.1. Model
We ask whether a model based on simple assump-
tions about the structure of the sources can reproduce
the salient features of the observed distribution of lens-
ing H0 values. In the simplest model, the location of
a quasar and the alignment of its jet are both random
in the source plane. We perform Monte Carlo simula-
tions by randomly selecting the position of a quasar in
the source plane. For each quasar position, we also ran-
domly select the jet alignment. Then, we compute H0
for a source located at the position of the quasar and we
compute the time delay that corresponds to a variable
emission region positioned along the jet, rather than in
the core. Figure 6 shows the distributions of H0 for dis-
tances between the quasar and variable emitting region
along the jet that correspond to 1%, 2%, 3% and 5% of
the Einstein radius. We simulate 105 sources for each
separation.
We assume an H0 of 67.3 to calculate time delays. The
recovered average value of H0 from the distributions is
∼ 67.2−67.4. The effect of the misinterpreted position of
the source cancels out in the mean when large numbers
of measurements from gravitationally-lensed systems are
averaged. For any individual source, the deviation from
the true value can be large.
5.2. Bimodal Distribution
The simulated distribution of H0 has a distinctive bi-
modal character. This bimodality is a consequence of the
geometry, and the change of lens parameters across the
source plane. The position of the images and the time
delay change with the distance from the center of the
lens mass distribution (see equations (7) and (9)). The
alignment of the jet in the source plane is random. The
distance of the variable emitting region from the center of
the lens mass distribution can be either smaller or larger
than the distance between the quasar and the center of
the lens mass distribution. Thus, the values of H0 are
either over or underestimated (Figures 7 and 8).
The chance that the jet will be aligned in such a way
that the emitting region along the jet and the core are
Fig. 6.— Distributions of the Hubble constant obtained with the
Monte Carlo simulation assuming different distances between the
quasar and the emitting region along the jet. Black line indicates
the Planck satellite estimation of 67.3.
at the same distance from the center of the lens is small.
Therefore, the simulated distribution of H0 shows that
the nominal value is underrepresented in the distribu-
tion. On other words, there is a dip in the center of the
distribution of recovered values of H0.
The Root-Mean-Square (RMS) of the H0 distribution
increases with projected separation between the variable
emission source and the core. For distances between the
core and an emission region along the jet corresponding
to 1%,2%, 3% and 5% of the Einstein radius, the corre-
sponding spread in the Hubble parameter is 5.65, 7.92,
9.56, and 12.29 [km s−1Mpc−1], respectively. The scat-
ter in H0 reflects the offset between the position of the
variable emitting region and the assumed position of the
core. Thus, the RMS of measured H0 together with true
value of H0 determine the most likely offset between the
core and the variable emitting region.
5.3. Position of the Source
The value of H0 is clearly very sensitive to the posi-
tion of the source. Figures 7 and 8 show examples where
the core is located at 0.35 Einstein radius and 0.7 Ein-
stein radius from the center of the lens mass, respectively.
The scale shows how the estimated Hubble parameter
changes when the variable emission originates at a par-
ticular distance from the core. Figures 7 and 8 explore
distances between the core and emitting region along the
jet only up to ∼ 5% of the Einstein radius. Even for very
small distances, like 2.5% of Einstein radius, differences
in the derived Hubble parameter can be large, spanning
the range 55 - 80.
The reconstructed value of the Hubble parameter de-
pends on the alignment of the jet, which can be recon-
structed from radio images showing a number of lensed
features.
The positions of the images of the core are resolved
with optical and radio instruments. To identify the
source, at least one resolved image is necessary. In the
case of gamma-ray observations, the time delay can be
measured with a precision of a few percent even when
the images are poorly resolved or unresolved. The true
source of the variable emissions generally unknown. Fig-
ures 7 and 8 demonstrate that changes in the distance
between source of variable emission and the core and/or
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Fig. 7.— A schematic view showing how determination of the
Hubble parameter depends on the reconstruction of the location of
the variable emitting region. The light arrow indicates the direc-
tion towards the center of the lens mass. In this example the source
is located at 0.35 Einstein radius from the center of the lens mass.
An auxiliary grid is centered at the position of the core. The an-
gular coordinates show the alignment of the jet in the source plane
relative to the position of the core. The radial coordinates indi-
cate the distance between the core and the variable emitting region
along to the jet, shown as a percentage of the Einstein radius. The
contour map shows the value of the Hubble parameter obtained by
assuming the position of the core at 0.35 Einstein radius from the
mass center of the lens, and time delays corresponding to variable
emitting regions at the indicated distances from the core.
Fig. 8.— The same as Figure 7, but with the core located at 0.7
Einstein radius from the mass center of the lens.
a small error in the positions of a variable core can lead
to wide variation in the derived Hubble parameter.
6. DISCUSSION
6.1. Comparison with Lensing Measurements of H0
Time delays between the mirage images of gravitation-
ally lensed variable sources are exploited to estimate the
Hubble parameter. The sources which exhibit the most
prominent variability over short time periods, and across
the entire electromagnetic spectrum, are objects with
jets, including, for example, blazars (Ulrich et al. 1997;
Ruan et al. 2012).
Figure 5 shows the distribution (gray) of 37 measure-
ments of H0 using gravitationally lensed systems avail-
able in the literature (Table 1). This distribution is char-
acterized by a mean value of 67.95 with an RMS scatter
of 12.4 [km s−1Mpc−1].
The red distribution represents the Monte Carlo simu-
lations composed of 4000 trials. For this comparison, we
take an offset between the position of the source and the
position of the variable emitting region equal to 3% of the
Einstein radius. The resulting simulated distribution is
characterized by a mean value 67.3 with an RMS scatter
of 9.6 [km s−1Mpc−1]. Even for this very simple model,
the uncertainty in the reconstruction of the position of
the variable emitting region reproduces the scatter and
the features in the H0 measurement distribution obtained
from observed gravitationally lensed systems.
An uncertainty in the position of the source in the
source plane larger than 1% of the Einstein radius can
lead to the same effect as the complex structure of the
source, even when the variable emitting region and re-
solved images spatially coincide (see Figure 6). Note
that a typical Einstein radius for these sources is ∼
0.5 arcsecond, and 5% corresponds to 0.025 arcseconds,
only twice the HST resolution. Even with HST images,
there is a natural limit to reconstruction that can pro-
duce a spread in the derived values of H0.
Table 1 contains a compilation of the H0 measurements
available in the literature. These measurements were
obtained using different lens modeling, treatments of the
lens environments, and different methods for time delay
measurements, with some of the time delays measure-
ment being disputed (Eulaers & Magain 2011). In the fu-
ture, we expect these effects will be minimized as projects
like COSMOGRAIL (Eigenbrod et al. 2005, 2006a,b;
Saha et al. 2006; Vuissoz et al. 2007b; Eigenbrod et al.
2007; Vuissoz et al. 2008b; Chantry et al. 2010;
Courbin et al. 2011b; Sluse et al. 2012; Tewes et al.
2013a; Eulaers et al. 2013; Tewes et al. 2013b;
Rathna Kumar et al. 2013) provide uniform analy-
sis and data for large sample.
All of these differences can contribute significantly to
the scatter in H0 in Table 1. For demonstration purposes
of this paper, we take measurements of H0 at face value.
Of course, the other sources of error will change the un-
certainty in variability position required to fit the data,
but in this work we are concerned with showing what
the effect of source variability positional uncertainty is,
rather than with quantifying its true contribution to the
scatter in H0 measurements.
The complex structure of the source predicts a very
characteristic bimodal distribution, with a dip at the true
value. Other systematics may manifest their presence in
the distribution of the Hubble constant in different ways.
They may shift or broaden the distribution. Thus, in the
future, when large samples of H0 measurements become
available, the shape of the observed H0 distribution will
be a useful tool for identifying and quantifying these sys-
tematics.
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Currently ∼ 200 gravitationally lensed systems have
been identified. Among them, time delays have been es-
timated for ∼ 20 systems. Future survey instruments like
SKA, LSST or Euclid, will increase the number of known
gravitationally lensed systems by about two orders of
magnitudes. Predictions suggest that LSST alone will
provide ∼ 4000 time delays (Coe & Moustakas 2009).
The distribution of Hubble parameters obtained from
these large ensembles of time delays will allow tests of
these model of the impact of the complex structure on
the derived Hubble parameter. They will also provide a
statistical determination of H0 that can take the complex
source structure into account.
6.2. The Hubble Parameter Tuning Approach
The measured value of the Hubble parameter is very
sensitive to the spatial offset between the position of
the core and the position of the variable-emitting region
where the time delay originates. Thus, the problem can
be inverted. The value of H0 measured by other tech-
niques can be used to tune the spatial offset between the
position of well-resolved images of lensed jets and the
position of the variable-emitting region where the time
delay originates. We call this approach the Hubble Pa-
rameter Tuning (HPT) method for spatially resolving the
active region.
The four key components of the HPT method are: the
value of the H0, a model for the lens, the resolved po-
sitions of emitting regions, and time delays measured at
high energies. We consider each of these issues next.
Currently, various methods of H0 estimation measure
the value of H0 with an accuracy down to ∼2%. However,
accounting for the tension between different methods, H0
is measured with 10% accuracy. In the near future, these
methods have the potential for revealing the value of H0
to 1% accuracy (for a brief review see Suyu et al. 2012).
Modeling of the mass distribution of the lens may
be limited by, for example, mass-sheet degeneracy
(Schneider & Sluse 2013). Reconstruction of the mass
distribution of the lens, in some cases, can be the most
constraining element in resolving the spatial origin of
variable emission. However, the images of lensed jets
are observed with high accuracy from radio, through op-
tical, up to even x-rays with Chandra. The images of
emitting regions are resolved at radio with an angular
resolution better than 1 milliarcsecond. The morphol-
ogy of these images is very complex, showing ring struc-
tures and multiple images3. Thus, lensed jets can help
to better constrain the mass distribution of the lens.
Emission from jets can increase by an order of mag-
nitude in a short period of time. The variability time
scales (minutes to days) are much shorter than the typi-
cal time delays (weeks to years). As a result, time delays
can be measured despite poorly resolved, or even unre-
solved, images.
The HPT approach provides an opportunity, to iden-
tify the origin of the variable emission. The answer to
this question is crucial at energies where current detec-
tors cannot resolve the sources.
6.3. Gamma-Ray and X-Ray Observations
3 http://www.jb.man.ac.uk/research/gravlens/lensarch/lens.html
Emission from extragalactic variable sources obviously
cannot be resolved at gamma-ray energies; the angular
resolution of current detectors is limited to ∼ 0.1 degree.
In this energy range, improvement by a factor of 1000 in
angular resolution is required to determine whether the
flaring gamma-ray activity originates from a region close
to the core or from knots along the jet.
Future gamma-ray detectors will provide an im-
provement in angular resolution by a factor of a few
(Bernard et al. 2014; Wu et al. 2014). Further improve-
ments are physically limited by effects like nuclear recoil.
Thus, gamma-ray detectors with a galaxy acting as a lens
located along the line of sight to a blazar offer the only
way to answer the question of the origin of gamma-ray
flares.
In the x-ray, Chandra has an angular resolution of
∼ 0.5 arcseconds. The angular resolution in the x-ray al-
lowed the discovery that extragalactic jets have complex
x-ray structure, and that the x-ray emission can extend
over hundreds of kpcs. The excellent angular resolution
of the Chandra instrument enabled the discovery that x-
ray flares can originate from distant knots (see example
of M87 in Harris et al. 2006).
Even in the x-ray, resolving the sources becomes chal-
lenging for more distant sources. Thus, gravitationally
lensed x-ray sources offer a way to resolve the emission
from jets associated with sources located at high red-
shift. The study of lensed sources provides a route to
investigation of the cosmic evolution of jets.
X-ray detectors like NuSTAR or Swift/XRT have an
angular resolution of a few arcseconds. Monitoring of
x-ray variable gravitationally lensed sources with these
instruments can enhance the ability of these instruments
to resolve the emission on scales as small as 0.01 arsecend,
depending on the properties of the particular lens system.
7. CONCLUSIONS
We use Monte Carlo simulations where we randomly
select the position of the core and the jet alignments in
the source plane to predict the distribution of values of
H0 obtained from complex lensed variable sources. The
only free parameter in our model is the separation be-
tween the variable emission region and the core. We
investigate the impact of the misinterpreted position of
the variable emitting region on the distribution of H0.
The Monte Carlo simulations successfully reproduce
the character of the observed distribution of H0 derived
from individual gravitationally lensed systems. Misalign-
ment by 5% of Einstein radius results in a bimodal dis-
tribution of values of H0 characterized by an RMS of
∼ 12 [km s−1Mpc−1], similar to the observed RMS of
12.4 [km s−1Mpc−1]. Estimation of the Hubble parame-
ter from strongly lensed sources is very sensitive to the
position of the region in the lens plane where variability
originates. Nonetheless the mean Hubble parameter for
a large sample returns the true value.
Other methods determine H0 to an accuracy of 2%.
Thus, we propose taking the value of H0 from these tech-
niques as given and then using the distribution of H0
values for gravitationally lensed systems to locate the
variable emission regions. In other words, taking H0 as a
known quantity enables the use of gravitational lensing
to effectively enhance the resolution of distant variable
sources. We call this resolution enhancing approach the
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Hubble parameter tuning method for spatially resolving
the source of variable emission.
This H0 tuning approach can be especially useful at
energies where the emission from extragalactic sources
cannot be spatially resolved due to a poor angular reso-
lution of the detectors. In particular, it can be used at
gamma rays where detectors with a galaxy acting as a
lens located along the line of sight to a blazar offer the
only way to answer the question of the origin of gamma-
ray flares. In the x-ray the resolution of current detec-
tors is adequate to resolve nearby extragalactic sources,
but application of techniques based on strong lensing en-
ables extension of our knowledge of the structure of these
sources to much greater redshift. The method can also be
used to enhance the spatial resolution of variable emis-
sion even in the optical and NIR, when high resolution
images are not available during an outburst, or when the
source is located at very high redshift. The extension to
large redshift opens the possibility of following the evolu-
tion of the source structure with cosmic time, especially
when large samples from projects like Euclid and SKA
are available.
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